
Advanced Engineering Mathematics II and Differential Equations

Differentiation Rules

d
dx(c) = 0 d

dx [cf(x)] = cf ′(x)
d
dx [f(x)± g(x)] = f ′(x)± g′(x) d

dx [f(x)g(x)] = f(x)g′(x) + g(x)f ′(x)
d
dx [f(x)

g(x) ] = g(x)f ′(x)−f(x)g′(x)
[g(x)]2

d
dxf(g(x)) = d

duf(u) · d
dxu whereu = g(x)

d
dxxn = nxn−1 d

dxex = ex

d
dxax = ax ln a d

dx ln |x| = 1
x

d
dx loga x = 1

x ln a
d
dx sinx = cosx

d
dx cosx = − sinx d

dx tanx = sec2 x
d
dx cscx = − cscx cotx d

dx sec x = sec x tanx
d
dx cotx = − csc2 x

Table of Indefinite Integrals

∫
cf(x)dx = c

∫
f(x)dx

∫
[f(x)± g(x)]dx =

∫
f(x)dx± ∫

g(x)dx∫
xn dx = xn+1

n+1 + C (n 6= −1)
∫

1
x dx = ln |x|+ C∫

ex dx = ex + C
∫

cosx dx = sin x + C∫
sinx dx = − cosx + C

∫
sec2 x dx = tanx + C∫

sec x tanx dx = secx + C
∫

1√
1−x2

dx = sin−1 x + C∫
1

1+x2 dx = tan−1 x + C
∫

csc2 x dx = − cotx + C∫
csc x cotx dx = − csc x + C

∫
secx dx = ln | sec x + tanx|+ C∫

1
ax+bdx = 1

a ln |ax + b|+ C
∫

1
x2+a2 dx = 1

a tan−1
(

1
a

)
+ C

A second-order homogeneous equations with constant coefficientsis an equation of the
form

(0.1) y′′ + ay′ + by = 0.

The characteristic equationis

(0.2) λ2 + aλ + b = 0.

Case Roots of (0.2) General Solution of (0.1)
I Distinct realλ1, λ2 y = c1e

λ1x + c2e
λ2x

II Real double rootλ = −1
2a y = (c1 + c2x)e−

ax
2

III Complex conjugateλ1 = −1
2a + iω, λ2 = −1

2a− iω y = e−
ax
2 (A cosωx + B sinωx)
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An Euler-Cauchy equation is an equation of the form

(0.3) x2y′′ + axy′ + by = 0.

The auxiliary equation is

(0.4) m2 + (a− 1)m + b = 0.

Case Roots of (0.4) General Solution of (0.3)
I Distinct realm1, m2 y = c1x

m1 + c2x
m2

II Real Double rootm = 1
2(1− a) y = (c1 + c2 ln x)x(1−a)/2

III Complex conjugatem1 = µ + iν, m2 = µ− iν y = xµ[A cos(ν lnx) + B sin(ν lnx)]

Table of Undetermined Coefficients

Term inr(x) Choice foryp

keγx Ceγx

kxn (n = 0, 1, ...) Knxn + Kn−1x
n−1 + ... + K1x + K0

k cosωx K cosωx + M sinωx
k sinωx K cosωx + M sinωx

keαx cosωx eαx(K cosωx + M sinωx)
keαx sinωx eαx(K cosωx + M sinωx)

Solution by Variation of Parameters
This method applies to differential equations

(0.5) y′′ + p(x)y′ + q(x)y = r(x)

with arbitrary variable functionp, q, andr that are continuous on some intervalI. The method
gives a particular solutionyp of (0.5) in the form

(0.6) yp(x) = −y1

∫
y2r

W
dx + y2

∫
y1r

W
dx

wherey1, y2 form a basis of solution of the homogeneous equationy′′ + p(x)y′ + q(x)y = 0
and

W = y1y
′
2 − y2y

′
1.
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Useful Formulas

L{eatf(t)} = F (s− a)

L(f (n)) = snL(f)− sn−1f(0)− sn−2f ′(0)− ....− f (n−1)(0) where f (n) =
dnf

dxn
.

L{
∫ t

0
f(τ)dτ} =

1
s
F (s)

L{f(t− a)u(t− a)} = e−asF (s)

L{u(t− a)} =
e−as

s

(f ∗ g)(t) =
∫ t

0
f(τ)g(t− τ)dτ

L(f ∗ g) = L(f) · L(g)

cosh at =
1
2
(eat + e−at)

sinh at =
1
2
(eat − e−at)

sinx sin y =
1
2
[− cos(x + y) + cos(x− y)]

cosx cos y =
1
2
[cos(x + y) + cos(x− y)]

sinx cos y =
1
2
[sin(x + y) + sin(x− y)]

Some functionsf(t) and their Laplace TransformsL(f)

f(t) L(f) f(t) L(f)
1 1 1/s 7 cosωt s

s2+ω2

2 t 1/s2 8 sinωt ω
s2+ω2

3 t2 2/s3 9 cosh at s
s2−a2

4 tn (n = 0, 1, ...) n!
sn+1 10 sinh at a

s2−a2

5 ta (a positive) Γ(a+1)
sa+1 11 eat cosωt s−a

(s−a)2+ω2

6 eat 1
s−a 12 eat sinωt ω

(s−a)2+ω2



4

Partial Fractions

Case Partial Fractions

Unrepeated factorss− a A
s−a

Repeated factors(s− a)m Am
(s−a)m + Am−1

(s−a)m−1 + ... + A1
s−a

Complex factors(s− a)(s− ā) As+B
(s−a)(s−ā)

Repeated complex factors[(s− a)(s− ā)]2 As+B
[(s−a)(s−ā)]2

+ Ms+N
(s−a)(s−ā)


